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Gr\"obner RREF STLS [7]
Gr\"obner ( )









Computing floating-point gr\"obner bases stably. Sasaki & Kako (2007)
Gr\"obner
$G$













$F= \{2x+3y, xy-2\} \Rightarrow G=\{x+\frac{3y}{2}, y^{2}+\frac{4}{3}\}.$
$2x+3y$ $xy-2$ ( )
$\mathcal{M}_{\mathcal{T}}(F)$ $\{x^{3}, x^{2}y, xy^{2}, y^{3}, x^{2}, xy)y^{2}, x, y, 1\}$
$F$
$\mathcal{M}_{\mathcal{T}}(F)=(000000002 000010023 000010230 000003000 000000020001020300 000030000 -200020000 -200300000 -200000000].$
$\{x^{3}, x^{2}y, xy^{2}, y^{3}, x^{2}, xy, y^{2}, x, y, 1\}$
$\mathcal{M}_{\mathcal{T}}(F)$
$F$ Gr\"obner
( [8, 6] ) (Reduced Row Echelon
71
Form, RREF)
$\overline{\mathcal{M}_{\mathcal{T}}(F)}=(000000001 000000001 000000001 000000001 000000001 000000001 000000001 000000001 -\frac{9}{2,3}-2\frac{4}{3,000}\frac{3}{2,0} -2\frac{4}{3,00}00003]\cdot$
( ), $F$ Gr\"obner
Gr\"obner $G_{\mathcal{T}}$
$G$




$\mathcal{T}=\{x^{4}, x^{3}y, x^{2}y^{2}, xy^{3}, y^{4}, x^{3}, x^{2}y, xy^{2}, y^{3}, x^{2}, xy, y^{2}\}$
$F_{ex}= \{x^{2}-2y^{2},4x^{2}y+3xy, 2x^{2}y+\frac{1}{2}x^{2}+\frac{3}{2}xy-y^{2}\}.$
9 ( )
$\mathcal{M}_{\mathcal{T}}(F_{ex})=[000000000001$ $400000000021$ $-200004000201$ $-200000000000$ $-200000000000$







$\mathcal{M}_{\mathcal{T}}(\tilde{F}_{fp})=[000000000001$ $002004000001$ $-200240000001$ $-200000000000$ $-200000000000$ $00 \frac{1}{02}00000001$ $u4 \frac{1}{22}03000100$ $-1-2u003000000$ $-1-20000000000$
$0 \frac{1}{2}0000000010$
$u00300000000$ $-1-20000000000]$ , rank $(\mathcal{M}\tau(\tilde{F}_{fp}))=11.$
$\frac{1}{2}$ 1.500001
rank$(\mathcal{M}_{\mathcal{T}}(F_{ex}))=9$ rank$(\mathcal{M}_{\mathcal{T}}(\tilde{F}_{fp}))=11$ $\mathcal{M}_{\mathcal{T}}(\tilde{F}_{fp})$





$G$ $G$ $F$ $\epsilon\in R_{\geq 0}$ , $d\in Z_{\geq 0}$ ,
$\mathcal{T}$ , $S$ Gr\"obner
1. $G$ $F_{st}=\{f_{st,1}, \ldots, f_{st,k}\}\in C[x]$ Gr\"obner basis
2. $F$ $F_{st}$ $S$ $S$ $p_{\vec{s}ti}\in C^{n}$:
$f_{i}(\vec{x})=S_{i}(\vec{p}_{i})$ $f_{st,i}(\vec{x})=S_{i}(p_{\vec{s}ti})$
3. $|$ $\Vert(\vec{p}_{1}\ldots\vec{p}_{k})-(p_{st1}^{arrow}\ldots p_{stk}^{arrow})\Vert=\epsilon$




$S_{1}$ : $(p_{1}p_{2})$ $\mapsto$ $p_{1}x^{2}+p_{2}y^{2},$
$S_{2}$ : $(p_{3}p_{4})$ $\mapsto$ $p_{3}x^{2}y+p_{4}xy,$
$S_{3}$ : $(p_{5}p_{6}p_{7}p_{8})$ $\mapsto$ $p_{5}x^{2}y+p_{6}x^{2}+p_{7}xy+p_{8}y^{2}.$
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$F_{st}$ Gr\"obner $F_{st}$
$G=\{x^{2}-2y^{2},$ $y^{3}+ \frac{3}{8}xy\}$ $\epsilon=0.000001$ (2-norm),





2 (SLRA: Structured Low Rank Approximation)
Given a structure specilication $S$ : $R^{n_{\alpha}}arrow R^{m\cross n}$ , a parameter vector $\vec{p}\in R^{n_{\alpha}}$ , a vector norm $\Vert\cdot\Vert$ , and
an integer $r,$ $0<r< \min\{m, n\}$ , find a vector $p^{*}arrow$ such that $\min_{p}arrow.$ $\Vert\vec{p}-p^{*}\Vertarrow$ and rank$(S(p^{*}))arrow\leq r.$
SLRA STLS(Structured Total Least Squares)
SLRA $(r= \min\{m, n\}-1)$ SLRA STLS





: $\succ$ , $S$ , $F=\{fi(\vec{x}), \ldots, f_{k}(\vec{x})\}.$
: Gr\^obner $G$ , $\epsilon$ , $d$ , $\mathcal{T}$ , $F_{st}$ ,
1. $F$ Gr\"obner ( ) $\mathcal{T}$
2. $\mathcal{M}\tau(F)\in C^{m\cross n}$ $\sigma_{i}(i=1, \ldots, r rg)$
3. $d$ $(\sigma_{r}$ $rg-d+1/\sigma_{r_{org}-d}<10^{-2}$ $d$ $)$ $d$
4. SLRA (lift-and-project ) rank$(\mathcal{M}\tau(F_{st}))=$ rank$(\mathcal{M}\tau(F))-d$
$F_{st}$ $\epsilon$ $F_{st}$
5. $F_{st}$ Gr\"obner $G$ $\{G, \epsilon, d, \mathcal{T}, F_{st}\}$ $\triangleleft$
1/ Gr\"obner 1)










. $QR$ ( )
$o$ SLRA ( SLRA )




$(\begin{array}{llllll} ef\cdot ffl \ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}_{I }^{A} Sugarf_{1} x^{2} \{x^{2} y^{2}\} 2f_{2} x^{2}y \{x^{2}y,xy\} 3f_{3} x^{2}y \{x^{2}y,x^{2} xy,y^{2}\} 3\end{array})$
sugar $F_{4}$
: $(fi, f_{3}),$ $(fi, f_{2})$ sugar $(fi, f_{3})$ $S$
$y\cross fi$ $f_{3}$ $y\{x^{2}, y^{2}\}\cup\{x^{2}y, x^{2}, xy, y^{2}\}$
$=\{x^{2}y, y^{3}, x^{2}, xy, y^{2}\}$
1
$M=(\begin{array}{lllll}0 0 1 0 -21 -2 0 0 04 0 0 3 02 0 0.5 1.5 -1\end{array})$ , $:\{1.47753,1.03488, 0.863669, 1.978477\cross 10^{-7}\}.$
$QR$
2 $y^{3}$
$(\begin{array}{lllll}x^{2}y y^{3} x^{2} xy y^{2}-1.17189 0.341328 -0113776 -0750922 0.2275520 0.826738 0 0.310027 -0.09394740 0 0.467099 0 -0.9341990 0 0 0 0\end{array})$
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( ) $y^{3}$
$\{x^{2}y, y^{3}, x^{2}, xy, y^{2}\}$ $f_{4}$
$(\begin{array}{llllll}f_{1} x^{2} \{x^{2} ’ y^{2}\} 2f_{2} x^{2}y \{x^{2}y,xy\} 3f_{3} x^{2}y \{x^{2}y,x^{2} xy,y^{2}\} 3f_{4} y^{3} \{x^{2}y,y^{3} xy,y^{2}\}x^{2} 3\end{array})$
$f_{4}$
$(fi, f_{2})$ $fi$ $f_{2}$ $S$ $S$
$y\cross fi$ $f_{2}$ $y\{x^{2}, y^{2}\}\cup\{x^{2}y, xy\}=\{x^{2}y, y^{3}, xy\}$
$\{x^{2}y, y^{3}, xy\}\cup\{x^{2}y, x^{2}, xy, y^{2}\}=\{x^{2}y, y^{3}, x^{2}, xy, y^{2}\}$
Gr\"obner
$\{x^{2}y, y^{3}, x^{2}, xy, y^{2}\}$
2( )
: $\succ$ , $F_{init}=\{fi(\vec{x}), \ldots, f_{k}(\vec{x})\}$
: Gr\"obner $\mathcal{T}$
1. $F=F_{init},$ $\mathcal{T}=$ $\{\},$ $\mathcal{T}_{F}=\{supp(f_{i})|f_{i}\in F_{init}\},$ $P$
2. while $P\neq\phi$
(a) $\{i, j\}\in P,$ $P=P\backslash \{i, j\}$




$(e)F=F\cup F_{new},$ $\mathcal{T}_{F}=\mathcal{T}_{F}\cup\{\mathcal{T}_{ij}, \ldots, \mathcal{T}_{ij}\},$ $P$
3. $\mathcal{T}$ $\triangleleft$
3 (TermUpdate)
: $F=\{fi(\vec{x}), . . . , f_{k}(\vec{x})\}$ , $\mathcal{T}_{F}=\{\mathcal{T}_{1}, \ldots, \mathcal{T}_{k}\}$ , $\{i,j\}$
: $\mathcal{T}$
1. $\mathcal{T}_{\triangleleft F}=\{\mathcal{T}_{\triangleleft i}=\{t\in \mathcal{T}_{i}|t\succeq ht(f_{i})\}|\mathcal{T}_{i}\in \mathcal{T}_{F}\}$
$\mathcal{T}_{\triangleright F}=\{\mathcal{T}_{\triangleright i}=\{t\in \mathcal{T}_{i}|t\prec ht(f_{i})\}|\mathcal{T}_{i}\in \mathcal{T}_{F}\}$
2. $\mathcal{T}_{\triangleleft}=$ lcm(ht $(f_{i})$ , ht $(f_{j})$ ) $/ht(f_{i})\mathcal{T}_{\triangleleft i}\cup$ lcm(ht $(f_{i})$ , ht $(f_{j})$ ) $/ht(f_{j})\mathcal{T}_{\triangleleft j}$
$\mathcal{T}=\mathcal{T}_{\triangleright}=$ lcm(ht $(f_{i})$ , ht $(f_{j})$ ) $/ht(f_{i})\mathcal{T}_{\triangleright i}\cup$ lcm(ht $(f_{i})$ , ht $(f_{j})$ ) $/$ ht $(f_{j})\mathcal{T}_{\triangleright j}$
3. while $\mathcal{T}\neq\phi$
(a) $t\in \mathcal{T},$ $\mathcal{T}=\mathcal{T}\backslash \{t\}$
$(b)$ for $i\in\{1, \ldots, k\}s.t$ . ht $(f_{i})|t$
76
$i.$ $t/ht(f_{i})\mathcal{T}_{i}\backslash \mathcal{T}_{\triangleleft}\cup \mathcal{T}_{\triangleright}\neq\phi$
$\mathcal{T}_{\triangleleft}=\mathcal{T}_{\triangleleft}\cup t/ht(f_{i})\mathcal{T}_{\triangleleft i}, \mathcal{T}_{\triangleright}=\mathcal{T}_{\triangleright}\cup t/ht(f_{i})\mathcal{T}_{\triangleright i}, \mathcal{T}=\mathcal{T}\cup t/ht(f_{i})\mathcal{T}_{\triangleright i}$
4. $\mathcal{T}=\mathcal{T}_{\triangleleft}\cup$ $\triangleleft$
: $F=\{x^{2}-2y^{2},4x^{2}y+3xy,$ $2x^{2}y+ \frac{x^{2}}{2}+\underline{3}2x\Delta-y^{2}\}$
Gr\"obner $G=\{x^{2}-2y^{2},$ $y^{3}+ \frac{3x}{8}u\}$
$\mathcal{T}=\{x^{2}y,$ $y^{3},$ $x^{2},$ $xy,$ $y^{2}\}$
( )
$F=\{1.01x^{2}-2.09y^{2}+0.002,4.03x^{2}y+3.06xy, 2.04x^{2}y+0.504x^{2}+1.504xy-1.02y^{2}\}.$
:(1,3) $\{x^{2}y, y^{3}, x^{2}, xy, y^{2}, y, 1\}$
{1.47461, 1.03445, 0.86911, 0.00912252} $QR$ $y^{3}$
$\{x^{2}y, y^{3}, y\}$ :(1, 2)
$\{x^{2}y, y^{3}, xy, y\}$ {1.1604, 0.808372} $QR$




( $F_{4}$ ) Gr\"obner
$QR$
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